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PART II. A Cauchy problem for the iterated wave equation 
We wish to solve a Cauchy problem for the equation L~(w) = 0 with 
the boundary conditions w(x, 0) = / 0 and 
(0;t:)t~o = !P (p= 1, 2 ... 2n-1). 
According to Part I we can decompose w(x, t) in many different ways, 
but in order to simplify the calculation of the derivatives it suggests 
itself to represent w(x, t) by a "polynomial in t". 
We choose the general solution 
but we now regard the functions u-2i as particular solutions of L_2;(w) = 0 
and add to each another particular solution of these equations derived 
from relation (4). Thus we have 
" (11) w (x, t) = L tn-I+i u2i. 
i~ -(n-1) 
Differentiating ( 11) q times with respect to t, we find 
=~C'g ~ tn-lli-i (n-l+i)! 2i 
Wqt £.., 1 £.., ( l+" ")IU(q-ilt i~o i=-(n-1) n- ~-J · 
where the Of are binomial coefficients. 
For t = 0 only those terms remain for which j = n- I + i and moreover 
we must have q-j an even number, since we have assumed that all odd 
derivatives of uk vanish for t = 0, 
I.e. 
" Wqt(w, 0) = L 0~-I+;(n-1 +i)! uf~-n+I-ilt (x, 0) 
i~ -(n-1) 
where q=O, 1, 2, .......... (2n-l) and (q-n+ 1-i) even. 
1 ) This research was supported in part by the United States Air Force under 
Contract No. AFI8(600)573-monitored by the Office of Scientific Research, Air 
Research and Dvelopment Command. Most of the material was contained in a 
thesis submitted to the University of Maryland in partial fulfillment for the degree 
of Master of Arts and published by the Institute for Fluid Dynamics and Applied 
Mathematics as Technical Note BN-73, May, 1956. 
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There are four cases : 
For n even and q even let n = 2N, q = 2Q, and let 
i=2R+1, then R= -N, -(N-1), -(N-Q) 
and 
_ -(N-Q) (2Q)! 14R+2) 
W2Qt (x, 0)- R];_},. (2Q -2N -2R)! UI2Q-2N-2Rlt (x, 0). 
For n even, q odd let n=2N, q=2Q-1, i=2R where 
R= -(N-1), -(N-2), .......... -(N-Q) 
and 
-(N-Q) (2Q-l)! 4R 
wi2Q-l)t (x, 0) = L (2Q-2N -2R)! ui2Q-2N-2R)t (x, 0). 
R~-(N-l) 
For n odd, q even let n=2N -1, q=2Q, i=2R where 
R= -(N-1), -(N-2), .......... -(N-Q-1) 
and 
- -(N-Q-1) (2Q)! 4R 
w2Qt (x, 0)- L (2Q -2N +2 -2R)! ui2Q-2N+2-2Rlt (x, 0). 
R~-(N-l) 
For n odd, q odd let n= 2N -1, q= 2Q-1, i= 2R+ 1 where 
R= -(N-1), .......... -(N-Q) 
and 
-IN -Q) (2Q 1) ( 0) "" - ! 14R+2) ( 0) W(2Q-l)t X, = £.., (2Q- 2N _ 2R)! U(2Q-2N-2R)t X, • 
R~-(N-l) 
Thus, whether n is even or odd, we obtain two systems of equations each 
involving n of the unknown u 2k (or their derivatives with respect to t) 
on the subspace t = 0, and n of the given functions fi(x). The t-derivatives 
of the u2~ are replaced by derivatives with respect to the xi from the 
following formula 
(12) 
which is derived from the differential equation 
tu~ + ku~ = tLJuk 
by repeated differentiation with respect to t and setting t = 0. 
Now to solve the two systems of n equations obtained above we have 
to differentiate each equation in each system with respect to the xi. 
And for these differentiations to be possible we have to assume that 
/ 2i and / 2i+I each have 2(n-i-1) x-derivatives. 
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2(n-1) 
2(n- 2) 
We differentiate the first equation times with respect to the x 
2nd 
3rd " 
(n-1)th, 
last 
2(n-3) 
2 
0 
" " " 
" " " 
" 
" " " " 
Then each system becomes a linear system in n unknowns, and since the 
determinant of each system consists only of the terms on and below the 
leading diagonal, we can solve the equations one by one. Having thus 
obtained uk(x, 0) in terms of the given functions fi(x) we obtain uk(x, t) 
by use of the formulae [6], [7] 
r (~) 1-k k-m+1 { m-2} 
(13) uk(x,Vs)= r(~) s-2 1-2- M(x,Vs;f)s_2_ 
for k>m-1 
(14) 
(k+I) 
- r -2- 1-k dn k+2n-m+l m-2 
uk(x,Jis)= r(~) s-2-dsnl 2 {M(x,Vs;f)s 2} 
for k;;.m-1-2n, 
In both formulae 
k=!=-1,-3, ..... . 
Vs=t 
m=number of space dimensions 
l"'{F(s)} is the Riemann-Liouville integral of order ex 
f =value of uk on the boundary t = 0 
M =mean value of f taken over a sphere center x 
and radius t. 
For k=m-1 we have 
(15) 
where 
and ex, are the components of a unit vector in x-space. 
It should be noted that in order to use formulae (13) and (15) it is 
sufficient for each of the fi to have 2 more derivatives in addition to the 
number stated on p. 499. For formula (14) to be valid it is sufficient for 
the f, to have t(m-k+3) more derivatives than previously stated. 
After computing these expressions we can substitute for u 2i in ( 11) 
and obtain the required solution. 
We remark here that w(x, t) satisfies Huyghens' principle only in the 
case that m = 2n + p, p being an odd integer. This follows from the fact 
that for uk(x, t) Huyghens' principle is valid only when m- k is an odd 
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positive integer regardless of whether the even integer k is positive or 
negative [2, p. 253]. It also agrees with a remark by GARDING in [3]. 
As an example we consider the three times iterated equation for one 
space variable, i.e., Lg(w) = 0 with m = l. 
We have: 
(16) (
w= u- 4 + tu- 2 + t2 u 0+ t3 u 2 + t4 u 4 + t5 u 6 
w (x, 0) = / 0 (x) 
wit (x, 0) = /; (x) (i = 1, 2, 3, 4, 5) 
The two systems to solve for the uk(x, 0) are: 
yielding respectively: 
u-4= fo 
0 _1/ 1 1, u -2 2+6 0 
4= ~I - ~ !"- ~ flV u 24 4 4 2 8 0 
With m= 1, Weinstein's formula (15) gives u0(x, t), (13) gives u2(x, t), 
u4(x, t), u6(x, t) and ( 14) gives u-2(x, t), u-4(x, t). 
Substituting into (16) we obtain 
w(x, t) = ~ [f0 (x+t) + /0 (x-t)]- 156 t [f~ (x+t)- f~ (x-t)] + 
+ 116 t2 [f~ (x+t) + f~ (x-t)]- 176 t [/1 (x+t) + /1 (x-t)] + 
1 15 t 
+ 16 t2 [f{(x+t)-f{(x-t)]+ 16 I [f1 (x+p)+f1 (x-p)] dp-
o 
1 3 I 
- 8 t2 [/2 (x + t) + /2 (x- t)] + 8 t I [/2 (x + p) + /2 (x- p)] dp + 
0 
3 t 5 t 
+ 16 f 2 I [/3 (x + P) + /3 (x- p)] dp- 16 I P2 [fa (x+ P) + /3 (x- p)] dp + 
0 0 
1 t 
+ 32 t I (t2-p2) [f4 (x+p) + /4 (x-p)] dp+ 
0 
1 
+ 128 f (t2-p2) [fs(x+p)+fs(x-p)] dp. 
0 
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As a second example we consider L5(w) = 0 with three space variables 
X, y, Z. 
We have 
and for the ttk(x, y, z, 0) we obtain 
u-2(x, y, z, 0) = / 0(x, y, z) 
u 2(x, y, z, 0) =! [/2(x, y, z) +L1/0(x, y, z)] 
u 0(x, y, z, 0) = / 1(x, y, z) 
u4(x, y, z, 0) =~ / 3(x, y, z)- iL1/1(x, y, z). 
Using again Weinstein's formulae, we find u 0(x, y, z, t) from (14) with 
n= 1, u-2 from (14) with n= 2, u 2 from (15) and u 4 from (13). 
We find then 
4:n:w (x, y, z, t) = f f [to (x+sin {}cos fjJt, y+sin {}sin fjJt, z+cos fft)-
0 0 
- t (sin {} cos fjJ ~~o + sin {} sin fjJ ~~0 + cos {} ~0) -
-t2 sin2 {} cosL!. - 0 +sin2 {} sin2 "' - 0 +cos2 ff-0 -( (J2j (J2j (J2j) 
'f' ?Jx2 'f' ?Jy2 (Jz2 
- 2 t2 (sin 2 {} cos fjJ sin fjJ ?J~ ~~ + sin {} cos {} cos fjJ :; ~: + 
+sin {} cos {} sin fjJ :: ~:] sin {} d{} dfjJ + 
2n " 
+ t f f /1 (x +sin{} cos fjJt, y +sin{} sin fjJt, z +cos fft) sin{} d{} dfjJ + 
0 0 
+ t2 f f (sin{} cos fjJ ~/1 +sin {} sin fjJ ~/1 +cos{} ~1) sin{} d{} dfjJ + 
0 0 uX uy uZ 
2nn 
+ i t2 f f /2 (x +sin{} cos fjJt, y +sin{} sin fjJt, z +cos fJt) sin{} d{} dfjJ + 
0 0 
2n " ()2 j ()2 j ()2 I 
+ l t J J /_o + - 0 + - 0 ) sin{} d{} ~ + 2 o o l ?Jx2 (Jy2 (Jz2 
t 2n n 
+iff f /3 (x+sin {}cos fjJr, y+sin{} sin fjJr, z+cos ffr) sin{} d{} dfjJ dr-
o 0 0 
t 2n " ?J2 I ?J2 f ?J2 I 
- j f f f {-1 + - 1 + - 1 } r 2 sin{} d{} dfjJ dr. 
o o o ?Jx2 ?Jy2 (Jz2 
Using Gauss' theorem we can transform this expression to obtain 
4:n:w(x,y,z,t)=fff{~ L1fo-iL1f1+ifa~ lv+ 
v . 
This agrees with the result by J. P. KoRMES [4). 
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PART III. A Cauchy problem for a more general equation 
The method for solving the Cauchy problem in Part II can also be 
applied to equations of the type 
(17) ( ai :t22 - j) (a~ ::2 - L1) ... (a; :t22 - L1) w = 0 
of which KoRMES [ 4] treats a particular case. 
• ()2 
We let t;=a;- 1t then the solutiOn of (2 - Ll) w = 0 IS a function ()ti 
uo = UO(x, t;) where L 0 ( U0 ) = 0. 
n 
Any solution w of (17) can be expressed as w = I U?(x, t;). 
i~l 
From ( 1 0) it follows that every U?(x, t~) can be expressed as: 
(18) 
where 
(19) 
(20) 
u 0 (x, 0) = U0 (x, 0) 
2 ( 0) = ~uo (x, 0) 
u x, IJt 
1Ju0 (x,O) =O 
IJt 
1Ju2 (x, 0) = 0 
IJt • 
We can then write the solution of (17) as 
n i n i 
(21) w(x,t)= I [Ic;ku?(x,tk)]+ti [Ic;kur(x,tk)] 
i~I k~l i~l k~l 
where the cik are to be chosen in such a way that the terms in square 
braces are O(t2i-2) as t --7- 0. This will again give a representation of w 
as a "polynomial in t" as in the case of the iterated wave equation of II. 
The expression (21) is obviously an admissible decomposition. 
We shall illustrate the method in more detail by considering 
( ai :t: -Ll) (a~ :t22 - Ll) (a~ :t: -L1) w = 0 
with initial conditions 
w(x, 0) = fo 
Wu(X, 0) = /; (i=1, 2 ... 5). 
We substitute t; = a;- 1t and we decompose w(x, t) into 
w(x, t) = U~(x, t1 ) + Ug(x, t2) + U~(x, t3). 
In order to express w(x, t) in the form (21) we make use of (18) and write 
~ w(x, t) = u~(x, t1) + tui(x, t1 ) + [ ug(x, t1)- ug(x, t2)] + 
(22) ) + t[u~(x, t1)- u~(x, t2)] + [Aug(x, t1) + Bug(x, t2) +Oug(x, t3)] + 
( +t[Au~(x, t1 ) + BuHx, t 2) +OuHx, t3)] 
where A, B, 0 are chosen in such a way that the last two terms are of 
order t4 and t5 respectively. 
Hence 
(23) 
and 
(24) 
Now 
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w (x, 0) =U~ (x, 0) 
w1 (x, 0) =' ui (x, 0) 
W X O = 2_ () 2u~ (x, 0) + (2. _ 2.) o2ug (x, 0) 
tt ( ' ) a2 "t2 a2 a2 "t2 1 v1 1 2 v1 
_ ~ ()2ui (x, 0) (2. __ 2.) () 2u~ (x, 0) 
w3t(x,O)- 2 2 +3 2 2 2 
a1 ()t1 a1 a2 ()t1 
1 04u~ (x, 0) ( 1 l) ()4ug (x, 0) (A B C) o4ug (x, 0) 
W4t (x, 0) = ;(i ()t4 + ;(i- a4 ot4 + ;(i + ~ + ;(i ot4 
1 1 12 1 12 3 1 
5 ()4ui (x, 0) ( 1 1) () 4u~ (x, 0) (A B C) () 4u~ (x, 0) 
Wst (x, 0) = ~ ~-4 - + 5 a4- ~ ------:;:-t-4 - + 5 ~ + ;(i + ~ ()t4 
1 v1 1 2 vl 1 2 3 1 
Expressing t-derivatives in terms of x-derivatives as before (cf. 12) and 
substituting boundary conditions we have two systems of equations 
(25) 
(26) 
u~ (x, 0) = / 0 
~ L1 u~ (x, 0) + ( 12 - ~) L1 ug (x, 0) = / 2 
a1 a1 a2 
and similar equations for uf with the right sides replaced by fv /3• / 5• 
In solving for ug we have to use the fact that Llug(x, t) satisfies L0(w) = 0. 
Hence we obtain Llug(x, t) from one of the formulae (13), (14), (15). 
Suppose then that Llug(x, t;) = F(x, t;), where F(x, t;) is a known 
function. Using the differential equation 
()2ug 
- 9 (x, t;) = F (x, t.) at; 
t; f; 
ug (x, t;) = f dt; {f F (x, t1) dt,} + ug (x, 0) 
0 0 
where ug(x, 0) is undetermined. But in the expression for w(x, t) only 
the difference of ug(x, t1) and ug(x, t2) appears and these are the same for 
t = t1 = t2 = 0. A similar analysis leads to ug(x, t). Here we use the fact that 
A2 o ( ) - ()4ug (x, t,) 
Ll u 3 x, t; - 4 
oti 
and the indeterminacy of the function on the boundary t = 0 again need 
not worry us, because of conditions (23) and (24) which eliminate the 
undetermined quantities in the integral expression for ug. 
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The second system yields the functions ur, u~, u~ in an analogous way. 
Only here we have to use the fact that 
A 2 ( t) - t-2 o [t2 ()u~ (x, ti)J 
LJ u2 x, i - ;, oti i -~
and if Llu~(x, t;) =G(x, t;) say, then 
ti ti 
u§ (x, ti) = f t;- 2 dtd t'fG (x, ti) dt; + u~ (x, 0), 
0 0 
where the determination of u§(x, 0) is again necessary. 
Institute for Fluid Dynamics and Applied Mathematics 
University of Maryland 
College Park, Maryland 
BIBLIOGRAPHY 
1. ALMANSI, E., Sull' integrazione dell' equazione differenziale Ll 2n = 0. Annali 
di Matematica pura ed applicata, Serie rna, Torno no, (1899). 
2. WEINSTEIN, A., On a class of partial differential equations of even order. Annali 
di Matematica pura ed applicata, Serie IV, Torno XXXIX, (1955). 
3. GARDING, L., The solution of Cauchy's problem for two totally hyperbolic linear 
differential equations by means of Riesz integrals. Annals of Math. 
48, (1947). 
4. KoRMES, J. P., The Solution of the Differential Equation 
( a2 :t22 -Ll) (:t22 -Ll) U= f (x, y, z, t) 
by Hadamard's Method. BAMS, 50, No. 12, 842 (1944). 
5. ASGEIRSSON, L., On Iterated Wave Equations. Technical Report No. 6, Dept. 
of Mathematics, University of California, (1956). 
6. WEINSTEIN, A., On the wave equation and the equation of Euler-Poisson. 
Proc. 5th Symposium on Applied Mathematics, (1952). Published 
McGraw Hill, New York, (1954). 
7. DIAZ, J. B. and H. F. WEINBERGER, A solution of the singular initial value 
problem for the Euler-Poisson-Darboux equation. Proc. Amer. 
Math. Soc., 4, 703-718 (1953). 
